A theory is presented that considers the resonance shift of degenerate whispering-gallery modes (WGMs) in sensor applications. The theory is then applied to a pair of counterpropagating waves in a spheroidal resonator. Adsorption of a particle lifts the twofold degeneracy, resulting in a pair of standing waves with a symmetric field around the particle, a standing symmetric wave (SSW) and an antisymmetric wave (ASW). The shift for a SSW is twice as large as the one for a nondegenerate WGM when the particle radius is sufficiently smaller than the wavelength, whereas the shift for an ASW is nearly zero. The ratio of the split to the mean shift gives an estimate of the particle size, whereas the mean shift is sensitive to its polarizability. With an increasing particle radius, the ratio of the split to the mean shift decreases. There is a particle radius that maximizes the split.
INTRODUCTION
A whispering-gallery mode (WGM) can be excited in a submillimeter dielectric resonator having an axially symmetric shape such as a spheroid, disc, cylinder, or toroid. Using WGMs for chemical and biological sensing has attracted great interest [1] [2] [3] [4] [5] [6] [7] . Any WGM sensor that boasts high sensitivity measures the shift in resonance wavelength caused by adsorption of a target molecule onto the resonator surface. When the intensity of light in a WGM is weak, the ratio of the shift to the resonance wavelength before the shift is equal to the ratio of the excess polarization energy in the adsorbate to the mode energy [2, 8] , independent of the WGM intensity. For a spherical resonator, the ratio is expressed by a simple formula, allowing one to harness molecule-level information of the adsorbate such as the molar mass, surface density, and orientation.
In an axisymmetric resonator, a WGM travels around the curved surface. A pair of counterpropagating waves have an identical resonance wavelength. A recent finitedifference time domain (FDTD) study of a cylindrical resonator revealed that embedding a thin cylindrical object that has a refractive index (RI) higher than that of the resonator near the cylinder surface can lift the twofold degeneracy [9] . Two modes of standing waves appear, although the excitation is a propagating wave. One of them maximizes the polarization in the object, a symmetric standing wave (SSW), and the other minimizes the polarization, an antisymmetric standing wave (ASW). The shift for the ASW is smaller, when compared with the shift for the SSW.
Microscopic theories for WGM resonance-shift sensors presented so far have not taken degeneracy into account. This paper presents a general theory of the resonance shift in degenerate WGMs in a format to facilitate the calculation of the shift for microscopic perturbation. Then the formulation is applied to a pair of counterpropagating WGMs, which is the case with any axisymmetric resonator. Adsorption of one particle and more than one particle will be considered.
There exists a nondegenerate perturbation theory of WGMs [10] , but it relies on eigenmodes in a perfect sphere. Our theory does not have such a requirement and can be applied to WGMs in any shape of the resonator. Separately, phenomenological models were presented to account for an experimentally observed counterpropagating wave [11] [12] [13] . These works are not for sensing applications.
PERTURBATION THEORY FOR DEGENERATE WGMs
We consider a dielectric resonator that can sustain WGMs. The relative permittivity ε r is greater within the resonator compared with the surroundings. Different modes of WGMs (total N modes) share an eigenvalue k 0 2 :
where E i ͑0͒ is the time-harmonic electric field of the ith mode ͑i =1, . . . ,N͒ and constitutes an orthogonal series: 
where k 2 is the new eigenvalue.
Multiply Eq. (2) with E j ͑0͒* ͑j =1, . . . ,N͒ from the left and integrate, and we obtain
For a nontrivial solution to exist, the secular equation, det M = 0, must hold. When N = 1 (nondegenerate), Eq. (7) reduces to ␦͑k 2 ͒͐ε r E ͑0͒* · E ͑0͒ dr + k 0 2 ͐␦ε r E ͑0͒* · Edr = 0, which is identical to the formula we obtained earlier [14] .
N = 2: COUNTERPROPAGATING WGM
Now we consider a simple situation in which there are only two degenerate modes. Specifically, they are a pair of counterpropagating modes in a spheroid that is just slightly off-spherical. Spherical polar coordinates ͑r , , ͒ are set up with the origin at the resonator center with the polar axis being the axis of rotation. Each WGM is specified by four indices: l, the number of waves in a cyclic orbit; m, the azimuthal index (l − ͉m͉ + 1 is equal to the number of peaks in the intensity profile of WGM along the meridian m = l , l −1, . . . ,−l); , the radial order (the number of peaks in the intensity profile along the radial direction =1,2,3,. . .); and polarization [transverse electric (TE) or transverse magnetic (TM)]. The pair of counterpropagating modes share l, , and polarization, but have opposite signs of m. The discussion in this section holds also for a cylinder, disc, and toroid with appropriate modifications on the wave functions.
In a sensing application of a WGM, a spheroid of radius a and RI= n 1 is immersed in a medium of RI= n 2 . Therefore, ε r = ͓n͑r͔͒ 2 is n 1 2 at r Ͻ a and n 2 2 at r Ͼ a. We denote the pair of WGMs by subscripts f and b. For the TE modes, the electric fields of the unperturbed pairs are given as [15] 
where m Ͼ 0, and the radial function S l ͑r͒ satisfies ͓d 2 /dr 2 + k 0 2 n 2 − ͑l +1͒ / r 2 ͔S l ͑r͒ = 0. The vector spherical harmonic function X lm ͑͒ is defined as
where ê and ê are unit vectors in the and directions, respectively, and P l m ͑x͒ is the associated Legendre function. The elements of the diagonal matrix ε r are calculated as [16] 
where W lm ϵ͉͐X lm ͉ 2 d⍀ =4͑l + m͒!l͑l +1͒ / ͓͑l − m͒ ! ͑2l +1͔͒ [14] . Obviously, ε r is a unit matrix multiplied by a scalar. Below we consider several types of permittivity changes.
A. Adsorption of a Thin Meridional Strip
We first consider adsorption of a thin meridional strip onto the spheroid surface. The geometry of this perturbation may appear odd, but its symmetry facilitates demonstration of the perturbation on degenerate WGMs. The strip has RI= n p , volume V p , and angular width ␤ p −1/2 , and extends between the two poles. For a strip centered at =0,
where a + denotes the exterior side of the spheroid. The volume integral of ␦ε r is equal to ͑n p 2 − n 2 2 ͒V p , as required. The Gaussian RI profile leads to explicit expressions of the two shifts and perturbed wave functions for different strip widths. Moreover, the result for more than one strip, which will be shown in Section 3.B, is also analytical, allowing discussion of the effect of interference on the shifts and eigenfunctions without numerical computation. The discussion will be useful for the adsorbate of other geometries, especially a spherical adsorbate. Although for simplicity we consider the strip extending between the poles, the same perturbation will be caused by a strip that is sufficiently long to cover the "hot zone" of a WGM where ͉X lm ͉ 2 is not negligible. Since the thin adsorbate extends in the direction parallel to the electric field of the TE modes, the field within the space now occupied by the adsorbate does not change by the perturbation as far as the zeroth-order field is concerned [14] . Then, the matrix ␦ε r is Hermitian, and its elements are calculated as
Here, L lm /2 ϵ͐ 0 X lm 2 sin d =2͓͑l + m͒!/͑l − m͒!͔͓l͑l +1͒ / ͑2l +1͒ − m͔ is calculated using the formula
shows that ␦ε r is also symmetric for this perturbation. The secular equation
has two solutions:
where L lm / W lm =1−m͑2l +1͒ / ͓l͑l +1͔͒. Note that the fractional wavelength shift −␦k / k 0 is 1 / 2 of −␦͑k 2 ͒ / k 0 2 . Obviously, the mean fractional wavelength shift, ͑1/2͒ ϫ͑␦ε r ͒ ff / ͑ε r ͒ ff , is equal to the shift for a nondegenerate WGM. The split between the two shifts is equal to
The eigenfunction is expressed as
c f and c b are coefficients. For the shift given by the minus sign in the plus-minus sign, c f / c b = 1, indicating that the eigenfunction is a standing wave with a peak at =0 where the strip is located. For the other shift, c f / c b = −1, and the standing wave has a node at = 0. They were called SSW and ASW, respectively, by Hiremath and Astrativ in their FDTD work for a cylindrical resonator with cylindrical perturbation [9] . Since L lm / W lm Х −1 for a WGM with m Х l, the SSW will have a greater shift compared with the ASW, which is in agreement with the FDTD results. If the strip is narrow ͑m␤ p −1/2 1͒, then the fractional shift of the SSW will be nearly twice as large as the one estimated for the WGM using the nondegenerate perturbation theory [14] , and the ASW will see just a small shift. The ratio of the split to the mean shift, 2͑−L lm / W lm ͒exp͑−m 2 / ␤ p ͒, is determined by the width of the meridional strip, whereas the mean shift is determined by the polarizability of the strip.
In most sensing applications, light is fed into the resonator from a tapered fiber running along the equator. Placing the fiber for evanescent coupling poses a far greater perturbation to the resonator than the adsorption of a small particle does, a typical event in the sensing of biomolecules. The side-coupling of the fiber, however, does not cause a significant split; its perturbation width amounts to many wavelengths and therefore its ␤ p is extremely small, ␤ p l 2 . Equation (14) indicates that the resultant split would be negligible. The doubly degenerate states of m and −m undergo the same shifts by the touching fiber, ready to experience a shift or split shifts depending on what the sensor encounters.
B. Adsorption of Two Meridional Strips
We now place two strips of volume V p at = 0 and p ͑ Ͼ 0͒. The combined perturbation is
The matrix elements of ␦ε r now are
The secular equation is the same as Eq (13) . The fractional shifts in
͑17͒ Figure 1 shows, as a function of p , the two shifts for the ASW and the SSW that are "ϩ" and "Ϫ," respectively, in "Ϯ" of Eq. (17) . Since L lm / W lm Х −1 for a WGM with m Х l, the SSW has a greater shift than does the ASM when cos m p Ͼ 0; the relationship is reversed when cos m p Ͻ 0. The cos m p factor is due to the interference between the waves reflected by the two strips. The mean of the two shifts is identical to the shift of the nondegenerate mode. When the interference is constructive, the ratio of the split to the mean is identical to the one by a single adsorbate, given by Eq. (14) . Otherwise, the ratio is smaller.
For the two eigenvalues, c f / c b = ± exp͑−im p ͒, and the two eigenmodes are
where the order of the sign in "Ϯ" is preserved. At the midpoint of the two strips, = p / 2, the components of E + and E − are equal to 0 and ϳmP l m ͑cos ͒ / sin , respectively. Since E + has a node at = p / 2 and E − has an antinode, we call them ASW and SSW, respectively. The variation of the component E in the SSW and the ASW with is shown in Fig. 1 for m p = / 3 and 4 /3.
The total polarization in the two strips is proportional to
The sign of cos m p determines whether the SSW (Ϫ) or the ASW (ϩ) has the greater shift.
The result can be readily extended to the adsorption of more than two similar strips. The result for N p strips will be
where the ith strip ͑i =1, . . . ,N p ͒ adsorbs at i . With an increasing number of strips deposited randomly along the WGM's orbit, the interference becomes less relevant, and the split between the two shifts decreases. When there are sufficiently many strips, the shift will be equal to the one estimated for nondegenerate WGM in the presence of N p strips.
C. Adsorption of a Small Spherical Particle
We now consider the resonance shifts for adsorption of a spherical particle. When a small particle of excess polarizability ␣ ex is adsorbed onto the sphere at ͑a + , p , p ͒, the permittivity change can be expressed as
where ε 0 is the vacuum permittivity. The volume integral of ␦ε r is ␣ ex / ε 0 . For this change,
Equation (13) applies as it is, and the fractional shifts in
where
The ratio of the split to the mean shift is close to 2, except at values of p where P l m ͑cos p ͒Х0, and therefore the two shifts are negligible. Earlier we found [17] for a spherical particle of RI= n p and radius R ͑k 0 R 1͒ adsorbed on a dielectric surface,
where V p = ͑4 /3͒R 3 . If two particles adsorb at ͑ p1 , p1 ͒ and ͑ p2 , p2 ͒, the fractional shifts are 
Х͓mP l m ͑cos pi ͒ / sin pi ͔ 2 ͑i =1,2͒. Then, the ratio of the split to the mean shift is 2 cos m͑ p1 − p2 ͒, which is identical to the ratio for the adsorption of two meridional strips (very narrow; ␤ p = ϱ) and is independent of p1 and p2 .
D. Adsorption of a Finite-Size Spherical Particle
We consider the adsorption of a spherical particle of nonvanishing radius R onto the resonator's surface. The center of the adsorbed particle is at r = r p = a + R, = p , =0.
With an increasing R, the polarizability ␣ ex increases, but the majority of the particle volume will experience a weaker evanescent field. We are interested in how these opposite effects change the two resonance shifts. We employ two methods for the estimation. The first method (d1) replaces ␦ε r of the solid spherical particle with a three-dimensional Gaussian profile, where the width of the profile is determined by optimizing the overlap between the Gaussian profile and the profile of the solid sphere. This method gives analytical expressions for the two shifts in the whole range of R. In the second method (d2), matrix elements of ␦ε r are computed for the profile of the solid sphere. The result of this numerical method is accurate (except for ␣ ex of a spherical particle in a gradient field; a possible error of ␣ ex is shared between the two methods), but lacks analytical expressions of the shifts. Discussion (d3) to compare the results of d1 and d2 will follow.
Gaussian Profile Spherical Particle
To simplify the calculation, we use a Gaussian profile to approximate the permittivity increase due to adsorption of the spherical particle:
͑25͒
where the width of the profile is r p ␤ −1/2 . The profile satisfies ͐␦ε r dr = ␣ ex / ε 0 . The Appendix describes an attempt to maximize the overlap between the profile of the solid sphere and the Gaussian profile. The result is ␤ / r p 2 = C / R 2 with C = ͑5/2͒ln 2 Х 1.733. We expect the Gaussian approximation to be effective if r p ␤ −1/2 is sufficiently smaller than the wavelength. The latter condition is equivalent to R / a 2 / l.
After integration by , the diagonal matrix elements of ␦ε r are expressed as
We then approximate S l ͑r͒ for r around r p as S l ͑r͒ Х S l ͑a͒exp †−⌫͑r − a͒ ‡, where ⌫ is the decay rate of the evanescent field, and then expand X lm ͑͒ around = p up to the second order. The latter approximation is effective if ␤ l, which is equivalent to R / a l −1/2 . The latter is satisfied if R / a 2 / l for a sufficiently large resonator. The diagonal and off-diagonal matrix elements of ␦ε r are calculated as
In either of Eqs. (27a) and (27b), the ␤ −1 term (relative to the leading term) in the angular factor is smaller compared with the ␤ −1 term in the exponential factor involving R. Therefore, we keep only the leading term in the angular factor. Then, solving the secular equation gives the mean and the split of the two fractional shifts in k as
Using Eq. (23) and V p = ͑4 /3͒R 3 for ␣ ex , we can rewrite Eqs. (28a) and (28b) into
where ␤ / ͑R + a͒ 2 = C / R 2 and R a were used. We find that the split maximizes for R = R peak given as
͑30͒
When m Х l = n eff ka and p = / 2, where n eff is the effective refractive index of WGM, Eq. (30) simplifies to
͑31͒
where ⌫ Х k͑n eff 2 − n 2 2 ͒ 1/2 was used. Since n eff depends only weakly on the resonator radius and the radial order of the WGM, k 0 R peak is shared by resonators of different radii operating at different wavelengths with different radial orders. There is no p dependence, either.
Solid Spherical Particle, Numerical Computation
The perturbation by a solid spherical particle of radius R at r p = ͑r p , p ,0͒ is expressed as ␦ε r = ␣ ex / ͑ε 0 V p ͒ (for r that satisfies ͉r − r p ͉ Ͻ R), 0 (otherwise). The diagonal and offdiagonal elements of matrix ␦ε r are
where ± = p ± r p −1 ͓R 2 − ͑r − r p ͒ 2 ͔ 1/2 and + = ͓͑ + − p ͒ 2 − ͑ − p ͒ 2 ͔ 1/2 / sin . Computation was conducted as follows. For a given resonator radius a and source wavelength , an integral value of l that has its resonance k 0 closest to 2 / was searched. Attention was paid to obtain a desired radial mode, which is identified by the number of peaks in the radial function S l ͑r͒. Then, the mean shift −␦k mean and the split ⌬k sp were numerically calculated using Eqs. (32a) and (32b) for a given m, p , and R. See [14] for explicit expressions of S l ͑r͒.
Discussion
In all of the results shown below, the following material constants were used: n 1 = 1.452 (silica), n 2 = 1.32 (water), n p = 1.58 (polystyrene). Figure 2 compares the results of d1 and d2 for −␦k mean and ⌬k sp for a = 200 m, l = m = 1364, =1, k 0 Х 2 / 1.32 m −1 , and p = / 2, calculated for different particle radii R. Both ordinate quantities are reduced by k 0 . When R is small, the split is almost twice as large as the mean shift, in agreement with the result of Subsection 3.C. The Gaussian approximation gives a value close to the exact numerical one. With an increasing R, the mean shift keeps increasing but the increase becomes weaker, as the greater portion of the particle is beyond the reach of the evanescent field. The curve for ⌬k sp in the numerical calculation maximizes at R = 0.213 m and reaches zero at R = 0.357 m. The vanishing split is due to interference. Contributions from different parts of the particle along the direction cancel each other in the integral of Eq. (32b). The peaking in ⌬k sp is also captured by the approximation. The simple formula for the peak position R peak [Eq. (31)] is not bad; it gives R peak = 0.205 m. At R Ͼ R peak , the approximation deviates from the numerical result, as R / a 2 / l does not hold any more. All the calculations shown below used the exact numerical method.
The mean shift and split in resonators of different radii (same wavelength, =1, p = / 2) show expected results (not shown), namely, the two curves in the logarithmic scale are just displaced vertically from those for a = 200 m. The vertical shift is nearly equal to ͑radius ratio͒ −5/2 [8] . The value of R peak is shared by spheres of different radii.
The splitting is observed for higher-order radial modes ͑ =2,3, . . .͒ as well (Fig. 3) . To have k 0 as close as 2 / 1.32 m −1 , a different value of l was used for each radial mode: l = 1348 for = 2 and l = 1336 for = 3. The mean shift and split are slightly greater for = 2 than they are for = 1, and even more so for = 3, as the evanescent field reaches deeper for a higher-order radial mode. The higher the radial order, the greater the R peak , as its n eff is less compared with the lower-order mode; see Eq. (31).
The mean shift and split depend on the position of the adsorbate, as does the shift for the nondegenerate WGM [14] . For the mode with m = l, for instance, the mean shift and split (for a given R) maximize at p = / 2 and trail off with an increasing angular distance ͑⌬ = p − /2͒ as ϳexp͑−l⌬ 2 ͒. The logarithmic plots of −␦k mean / k 0 and ⌬k sp / k 0 are just vertically displaced from those for p = / 2 (not shown). The mode with m = l − 1 has the maximal mean shift and split at p = /2±m −1/2 , and the shift minimizes at p = / 2. Except at p = / 2, the plots of −␦k mean / k 0 and ⌬k sp / k 0 are just vertically displaced from those for p = /2±m −1/2 . A similar p dependence is seen for the WGM with other values of m as long as m is close to l. Furthermore, the plots for m = l − 1 and p = /2±m −1/2 are vertically displaced from those for m = l and p = /2.
A different pattern is seen in the plots of −␦k mean / k 0 and ⌬k sp / k 0 as a function of R for different wavelengths. The three pairs of curves in Fig. 4 are those plots for wavelengths of 1.32, 1.06, and 0.78 m. The resonator radius is a = 100 m, and =1, m = l, and p = / 2. The values of l are 677, 845, and 1152, respectively. Compared at the same R, −␦k mean / k 0 decreases with a decreasing wavelength as the reach of the evanescent field decreases. The curve of ⌬k sp / k 0 lies lower, with the first zero appearing at a smaller R. Concomitantly, the R peak decreases, in agreement with Eq. (31).
Vertical displacement of the plots of −␦k mean / k 0 and ⌬k sp / k 0 in the semilogarithmic scale may be eliminated when their ratios are plotted. Different traces of the curves for different wavelengths may be brought together when a reduced radius k 0 R is used in place of R. Figure 5 shows such an attempt. The ratio of the split to the mean shift is plotted as a function of k 0 R. Five representative traces are chosen, and their parameters are indicated in the legend. p = / 2 is common. The ratio starts at 2 in the vanishing limit of k 0 R and decreases to zero at k 0 R Х 1.70. All of the traces, including those not displayed here, overlap in the first lobe ͑k 0 R Ͻ 1.70͒. The overlap will make it possible to use ⌬k sp / ͑−␦k mean ͒ for estimating the physical dimension of the particle, regardless of its RI. The method can unambiguously determine R if ⌬k sp / ͑−␦k mean ͒ Ͼ 0.12. Below this value, there is more than one value of k 0 R that gives the same ratio.
E. Experimental Considerations
Most of the detection methods for narrow-line WGM sensors excite a mode by side-coupling a tapered fiber to the resonator and scanning the wavelength of the light that travels in the fiber. At resonance, a part of the WGM returns to the fiber to superimpose onto the wave directly transmitting the fiber. The returning light is 180°out-ofphase relative to the transmitting light. At off-resonance, the light that enters the resonator dissipates into the surroundings before one cycle around the resonator is completed. Therefore, the resonance appears as a dip in the fiber transmission spectrum.
When a degenerate WGM is split into a SSW and an ASW, the forward-traveling component of the SSW partially transfers to the fiber to superimpose onto the wave transmitting the fiber. So does the ASW. Thus, the fiber transmission spectrum will have two dips of equal depths at the resonance wavelengths of a SSW and an ASW. Therefore, the widely used methods will be able to detect the two modes as separate modes, if ⌬k sp is greater than the full width k w of each mode. The counterpropagating wave components also transfer to the fiber, but in the opposite direction.
We now compare ⌬k sp and the intrinsic width k w,int of a WGM that is determined from the relative magnitude of its small dissipating-wave component. In [18] the authors describe how k w,int is calculated. Solid lines in Fig. 6 show ⌬k sp at R = R peak as a function of the resonator radius a for 2 / k 0 = 1.32, 1.06, and 0.78 m, respectively. p = / 2 and m = l are assumed. The maximum split increases with a decreasing a, but k w,int , shown as dotted lines, rapidly climbs to exceed ⌬k sp .
It is widely accepted that k w = k w,int + k w,ext [19] , where k w,ext is the width caused by nonintrinsic factors such as absorption of light by the surrounding medium. In Fig. 6 , k w is shown as a dash-dotted curve, assuming k w,ext / k 0 =10 −8 . In the range of resonator radius a in which ⌬k sp Ͼ k w , there is a chance to observe the split. The radius of the adsorbed particle also must be in the right range.
In reality, observing the split in experiments will not be as easy as detecting the mean shift. Since the resonance is observed in a wavelength scan, the position of the resonance line must be stable; it should not fluctuate by more than the split during one period of scan. There is another requirement: the number of particles adsorbed within the reach of the evanescent field should be zero or one. Deposition of a second particle will complicate the shifts and may vanish the split, depending on the relative positions of the two particles.
Recently we showed in theory that the shift can be magnified by coating the resonator with a subwavelength layer of a high RI [18] . Subsequently we demonstrated the enhancement for a silica spherical resonator coated with polystyrene immersed in water [20] . The high-RI coating will help in observing the split, unless the coating undermines the narrow resonance.
CONCLUSIONS
Applying the general theory of perturbation to degenerate WGMs, we derived explicit expressions of the resonance shifts for a pair of propagating and counterpropagating waves caused by a localized permittivity change. We then applied the formulation to the adsorption of a thin meridional strip of different widths, more than one strip, and particles of different radii. The ratio of the split to the mean of the two shifts was found to give a unique estimate of the particle size, as opposed to the mean shift that depends on the size and RI of the particle. The general theory can also be applied to a perfect sphere in which the WGM has a degeneracy ranging from a few hundred to a few thousand in accessible sphere radii. As for the doubly degenerate WGM, the modes will split, and the shift for one of the modes can be significant. We will consider such perturbation in a future publication.
APPENDIX A: APPROXIMATION OF A SOLID SPHERE BY A GAUSSIAN PROFILE
A solid sphere of radius R is represented by u͑r͒ =3/͑4R 3 ͒ ͉͑r͉ Ͻ R͒ and 0 (otherwise). We want to approximate u͑r͒ by a three-dimensional Gaussian profile, g͑r͒ = ͑ / ͒ 3/2 exp͑−r 2 ͒. Both functions are normalized. We find that minimizes I = ͓͐u͑r͒ − g͑r͔͒ 2 dr. It is calculated as 
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